





































































































product
for 4011 Oh 0,3 D be be bs two vectors

8 D arb arbitasbs the dot product
for scalarproduct or inner pn

Rel F 1071

2 II 5 181151 cosa

lingth's Dangle1B
magnitudes

A

0 Y Ellery
L For non zero vectors

51 COSO FIFI
WE compe I_ non zero a 5 orthogonal

8.5 0








































































































product
For 4011 Oh 013

D be be by
two vectors the vector

Works

only in 113

xB a b Azbe Asb arbs arbs a be

is the cross product or vectorproduct
If xD is orthogonal

to both and 5 xD 5

direction of xD is given 5

by right hand rule

The tax Bt tattbtsino
Tanglee ueg

area of the
parallelogram

OT and B are parallel iff 8 5 0 0 8 0








































































































Properties T.FItExtjjxTF Exj P PxF j
2 a 5 5 8 T.IT c axbxe

3 5 8 8 5 xilxj o

ixkg j
triple product

Exc Iscalar triple product
of 5

Exe volume of the parallelepiped

V A h 15 81 10 cos

gs ftp 15xesl
A

Rk If V O then of 5
lie in the same plane are coplanar








































































































Lines

P P IT telR
vector equation of L parameter

PolxoYoZo Let D a b c

Efpix.az then in components
Tp x y z Xotta yottb ZotteL line

EpFarallel to L Xotta parametric equations
yottb of the line L

2 Zotte throughpoint Po XoYo Zo
andparallel to the vector T.ca b e

t 951 Ed symmetric equations of L








































































































Planes
A plane is defined by

Zn an a point Po and
an orthogonal vector ñ

8.2 the normal vector
Y ñ F F 0 vector eg of theplanePOP FP

F ñ a b c F x y z XoYo Zo then eg of the plane is

a b c X Xo Y Yo 2 207 0

Q X X bly yo z zo o
scalar equation of theplane
through Po XoYo Zo with normal

vector ñ a b c

Rtc ax bytczed 0 linear equation of the plane
d ax byo Zo








































































































Distances
Distance from a point to aplane

Pelting te let Po be any point in the plane
17 pqopilxi.gr Zn D Top

ax by ez d o

5 44 YoY Yo 21 207
PolioYotd

Distance D compa.PT l
tnsFl laln tEq1 cez zol1

axiffee di

Ee Find the distance from the point 111,1
to the plane Xty 22 0

Sl
D








































































































Vector we Funitions t Flt get hit

Vector 1 valued function domain range
set of set of vectors
real numbers

PH Flt get hit É
f t glt hit

Rd domain values t for
which Plt is defined

SPI curves given functions

set of points ay zI with FIFI
y it z t

interval space curve C

parametric equations of C

jfgitl
hiti

tparameter

ritt I Ventor function Ftt Flt gltl hit
gives a moving vector whose tip traces
the curve C








































































































Calculus of space curves

Derivatives PHI vector function If P t 1 54 42541

hiii

l tangent vector to carve C

at point P if F t 0 and exists

tangent Line to C at P line through PC

parallel to F t

unit tangent vector Fit F

If ñH f HI glHj bit É
then w̅ H f'lH g

t little
Ethic








































































































second derivative F F 11

I f criost sint ts Flt c asint cost 17
P t c 2 cost sint 07

EFI.tti fffgt finalth Fatah faith
alt EC a'HVYH aCH.V'H

cñlH CIA
a H ÉHD I f Jlt alt Flt

a fin f t lftlha.in rule

Irendt fetidt gitidthudtlkPIHCFIH.gl l hlt

Fund Thm of Calculus

in vector setting
Fit dt RCH R b R a

R t FCH
We denote RH Fltidt indefinite integral








































































































Z
nLength

AE tietisdtC Fltl LFIH.gltl hltl

Eft of the curve that Fit Ffl
y

n unit tang

NTH TNB frame
ho normal

K ai Bit PH NPT EI Y B
binormal TINGEY

2 osculating planeZ
n

AB

2,7 tnF Lmk P H is in
C 7

y C
y
the osculating

planenormal plane








































































































Motion space
Z
a particle moving through space

position at time t Ptt

ñH F f he
tth

it

y Evelocity vector
displacement vector

L per unit time

speed 15ft E t f are length fit

rate of change of dist went time
Reminder sttlftr.la du r t

acceleration t t A t

Rolf we know oilt and i to to then
initialposition andvelocity

w̅ E Éaluldu to Flt Étuldu Elt








































































































Tangentialandnormalcomponents of acceleration

a An Ñ1 F Etonent

a x ̅ Y

an I IFYHEF.hn








































































































Functions of several variables

Etion of two variables F x y f x y
in Dc IR in IR

Yn
Z

I domain

Dfied Y
range set of all values of flag CR

Imain all ixyts.t.flx.gl is well defined

Graph set of points x y Z in 1R Level curves curves with eg

with lay e D z f xy az fixyl k ie

at all points ix y
s.t.fix.gl kY FNYI

sitting aboveD.ioi fii dd

ii

12 100Enctions of 3 variables
f X Y Z

on this curve








































































































Flag EEEE.it iIIftab1
set
gix ftp.gpgionstant
function
of single variable

F la b g a

likewise partial derivative wet y at 101,1
set hey F la y

Fy a b h b

I e to find fxlx.gl view y as a constant differentiate w.int

to find fylx.gl view X as a constant differentiate w.r.t.ly

Notation Ex fxlx.gl Fy Fy x y








































































































Interpretations of pala derivatives

Zn C graph of g x Fix b
P a b Fla bl

intersection of S withplane y b

graphffing
c graph of hly f la y

intersection of S with plane 01

Fx a b slope of tangent line Is to C at Pla b Fla bl

Fyla b slope of tangent line to to C at Pla b Fla bl

Higher der.ve

ffy ofe Fxy Fly8fg.fyx

lfylx If fgy lfyly f
2ⁿᵈ order
derivatives

Llant's the fxyla b Fyx a b








































































































The Chain Rule
Reminder y f x1 x glt then y is inderently a function of t

and ftp.d f'ix.g tl f'lgiti g t
case

Easel Z fix.y x g it y
h t

then Fife Fy or E Ey Ft

Case Z F x.gl and xegis.tl y his t

then 8s Ey
and 8 8y t

General case u
uteyg.gg

and for each j j Ylt e
then








































































































Implicit differentiation If y f x is defined implicitly
by FIX.LI

We can find d
via o Fix.gl Edfytofy.IT

y Eg

If z glx.gl is defined implinitly by G x.fi lyix.g

We can find o via

0 8 64 az 8t.datgt8yt.dEgt Ez.g








































































































Flxy ñ a b Def xo.yoj fygfkha.yo flxo.ee
Eunt vector h

Tdirectionalderivative of f at XoYoZn in the direction of ñ

9 1
y

Deflay fxlx.ly a fylxiy b

ng so
ñ 41,07 Daf Fx 4 20,17 Daf Fy

Gradient of ix y fxcx.gl Fy x y Daf ix y VF w̅
The gradient OF XoYo Zo is orthogonal to the levelsurface S

S Flay Z k
the tangentplane to level surface Fix.yZ k at PlxoYo Zolevel surface

Fx Xo Yo Zo x Xo Fy XoYoZollyyo Fz XoYo Zo Z Zo 0
XoYo Zo point on S

at normal line to S at P

kt line through P and orthogonal to tangentplo
i.e it's divestion vestor is VF Xo Yo Zoy

S
Y F x J zol fix J zo Fix y zo

DF Xo Yo Zo direction of maximal increase of F








































































































If If F has a local maximum

or minimum at la b then

Fx a b 0 and Fy la b 0

Rick i e F la b 0

Deflf of a b 0 we call la bl a critical
Point of f

sup ÉiaÉ ÉÉcriÉÉlpoint off i.e F.la b 0 and Fylab 0

Set D Dla b Fxx a b fgy a b Fxy a b

a If D O and Fxx a b 0 then f a b local min

b If D O and Fxx a bkO then f a b local maxi
C IF 0 0 then Fla b is a saddle point of F

Rk If 0 0 the test gives no information

1
D ffj.fiy Fxxfgg lFxy








































































































yfim
continue cats max and

Ilix an abs min on a b

is
we find them by evaluating
F on critical points AND on endpoints93s

D closed set in IR To find abs max min values

i.e contains boundarypts of f on a closed bounded D
bounded set contained in some disk

Find values of f at critic
daisy Eestiosed Its I

Find extreme values on

continuous on a closed bended Dark the boundary of D
attains an abs max value Flx Yet largest of D abs ma

and an abs.min.ua ueFlxe y at some smallest of abs min

Joints in D








































































































Lagrange multipliers
Problem a maximum on C

find extreme values of f x.gl f

subject to constraintglx.gl k

level curves glayl k and f ix g 6 touch at 1 0Yo
Of X Yol Ltg XoYo

a number Lagrange multiplier

Method I Lagrange multipliers
To find maximum minimum values of f x y

subject to constrain g ix g K
Find all values of x y d such that f gx

VFlx.yl XTglaylffy tgy
gix.g k

evaluate f at all points found in a

maximum largest value of f
minimum smallest








































































































Method I Lagrange multipliers TWO CONSTRAIN

To find maximum minimum values of f xY Z

subject to constraints g ix y Z K and hing z c

Find all values of x y Z h M such that

VF x y Z XVglay Z tmthlx.g.tl x Xgxtjuhx
g ix y Z k fy Xgy Mhy
h x y 71 C F Xg Mhz

evaluate f at all points found in a

maximum largest value of f
minimum smallestjiffE k

Fritia

surface hlx.y.tl c








































































































flx.ly dA kiggEgflxtytLAEYolume of a solid that lies

ax.by
above the rectangle general region
and below the surface z fix.gl

at

at 5th.fitgng t.gg teeny
t R

Y

the.it liflssffixylda fixyldydx 1 flx.yldxdy
AT

ce.ge dp
aex b

D
h.ly exehilymy g may 9th 5 Eg Lang

L D c region of

The type I

a'x b

flagidajfixgidxdyssflx.yldaff.flayldydx.ggD








































































































triple gr B ix y z rectangular box

1b box Triple integral F ixy z continuous fe

y
L Sfff ix y z dv

I E.E.fiffj I n
Elbing if f x y z continuous light the sub box

s d b

1 Flag z dv Fixing z dx dydz

Rk can be written in 5 other
orders e.g

Éffjv volume 5 fixing zldzdxdycar
of the solid E








































































































Double integrals in polar coordinates
at

rCOS
Plr G P X y
y Tolar coordinates Y

r sin

Assume O a b O B 2T

polar
feet rentangle

R Q b

Fix.ly dA fIrcoso rsinal drda seep
α

For D like that
D Ina

α β
h.to erchya

sffix.ly dA Fflucost.rsinQlrdrdo

i i








































































































triple integrals cylindrical coordinates
Zn

P r Z 10,2 cylindrical coordinates

y Pofing p
of a point P

Imo onto xyplane rcoso

y rsina y r

Z Z

For a solid α β
h.loereh.coE

gir.az z grlr

Flag zldv gphglogln.es
n.la ginaftriosQrsin0 Z1Idzdrdo








































































































Triple integrals in spherical coordinates

of Plg y g top

same as in cylindrical

y
4 angle between OP and z axis

930 O Q 2T O 4 I
Z geosy
gsinYcos Rnkgzxtytztr
gsinlygsinlsi.no Er of cylindrical

g const Q const 4 const

Zn IT a

it

i

by x by








































































































E g 0,4 α β sphericalwedge

Zn
Zn

SAY

1T no tone
Xx y regsine
off a gsin4ΔQ

Y
ΔV g sin4ΔYΔQΔG

Jx

Sf Fix.y
zldv f ftp.sinecoso.gsinysinggrose g dgdody

Rk Can extend this to more general spherical regions
E c u d L Q β g 0,4 g g 0,4








































































































Mess Center of Mass Loments
Yn

A lamina plate
restangle

density play
empyema's

in a ting

about ix y

x in units of mass area of the restang
per unit area

total mass
m kei.si E.SIIYIasfskyldAijth restangle

Moment of a lamina about x axis Mx Sf yglx.gl dA
Similarly My ffxglx.glda

Center of mass x ̅ J mx ̅ My my Mx
1

lamina balan
when supporte

My
914ydA at the center

Ipix yida
and J 1 bystagida

m

pixylda








































































































Change of variables in multiple integrals

n 10 integrals FIX dx flgially a du fix last du

substitution 914with
9 id

on
β

n 20 integrals
IhᵈkkEGead

I frontfeffaffi

lexampled

1 fix.ly dA 5s5Flrcoso rsintledrdo
region in re plane corresponding

VIOSA to R region
in xyplane

yrsino








































































































N Y

I
x xavi

y ylu u

x

E
qq.fr

hange of variables in a double integral
suppose T

maps 5 lin unplane to R lin xy plane
and is differentiable and 1 to 1 Suppose Jacobian 0

everywhere inside S

Then

I fix gidA f Fixture you u Iff du du

EI Polar coordinates

hottest 8 eE.ggEge
da

f flu 1050 sin IdrNIOSO
y nsin






Change variables in triple integral

Flay Z dv f x a u w

ly
u u wl zlu u wi

8121

Olu yw
du dude

where Oky 21

ou.im

Eemple T 19,0 41 x y Z
sink cos Q g sinesina g cosy cos

gsindcos
f sinesino gsinlcosogiosysi.no

y gsinesino
lose 0 psinkZ geosy

g sine O

Sf F ix y zldv fffflgsinecoso.gsinys.noprose g dg dody
s



Line integrals of functions cplane curve

4 44 asteb
nt

Line carve integral of Exigt along

0

g

flx.ylds f1xitl.yltlfft.ttTdt
y
12k if fix.gl 0thenfflx.ylds represents

the area of one side of the fense

Line integrals et.LY If C is the form of a thin

fix.gl Iflxtti yltllxLtft
wire with linear density play
then m playlds mass

fix.yldy f1xiti.ly tilfldtx
tmfxgix.yldsg

tmfygix.ylds
I x ̅ y center of mass



at

kspe.de iFt
tdtffixiy

zlds
syC

fixth yitt 2H11 dt octet

EEE.tt

1 Play z dx Qlx.y.zldytrlx.ge dz

S Plxithyltt ZHl x'lt Qlxltt.yltt zltt y t Rlxltl.gl t zlH z'Hl d
a

11 Play ZlLx Pixth yltt ziti Ildt 11



YA n ix yl
n A vector field on IR is a Function

189

Fix.y
7 sample assigning

to each point ix yle D
L points a 2D vector F x.gl regiontin 1R

ftp.g.tt
Pn C curve ix y Z force field

Work w done by force F while

moving
a particle along curve C

I
w F1FHD.r.lt dt

Po

Line integral of a venton field F

along a curve given by PH a te b

F.de Ieee.pttldtFIxitl
yltl ZH7



call one on

the integrals

F x dx F b Fla

b gradient vector field xg of ix y
potential function

of

R A vector field with a potential is called conservative

Fundamental THM of line integrals
Let C be a curve on a plane or in space

given by PHI a t b Then at

of.dñ F F b FIP al

by



Conservative vector field

A vector field F with a potential is called conservative

I e there exists a function f s.t x y of x y
potential function

of

F vector field The following are equivalent
la is conservative 161

n

C F di 0

i e F of agefor anyfor some function F F dñ F dm closed curve

Let Flayl be a vector field in a simply connected region D
Tsingle piece without holesFinyl Plx.gl Qlxylj

THEN Fix.gl is conservative iff 8
0



theorem

Simple closed curve

tittation not crossing itself

with positive orientation counterclockwise
D

region is always on the left
as we go around C

I
bounding the region D

Gee Pdx Qdy 5118 Ey dA
DEpositively

oriented

BE For a negatively oriented curve C

titition Pdx Qdy 1518 8yᵗ dA
DD

I



Curl For ix y Z L P Q R veitor field If I is conservativ

cure oxE 0 8 thinner.fi FImnemonic

if curl D then
curl of for any funition f

is conservative

Diverge di p 8 It div cure F 0

arsmnemoni for any
vector field F

For F Play Qlx.gl as one has Gr there

care El F dñ f fegdAF care F tn

divof v of If If
neuref

Laplace operator L

t



Poetess surface
A surface can be described by plant xiunl.yla.nl 214,017

vector valued fat of a v

on a region D in uv plane
N

N

T.FI

s x

xumLyyiuntZZlu vl

Jz parametric
equationsS parametric surface

Grid curves
Zn

C P no V1

Ca Flu.ro

yk



Eng Ie LIVE.su

Vn

y

a
K C P no v1

Cz P u Vo
p u u X 4,4 ylu.nl Z u v17 OF P 40 Vo

140 Vol luo.nl luo Vol tangent vector for Ce at Po

Fuluo Vol u luo.nl 140 Vol tangent vector for C at Po

Assume ñxÑ 0 Then the tangentplane at Po
I then S is smooth has normal vector xp



Surface area
Zn

Vn are

y
K

Surface area of 5 Area sfflrtxrildA.lasmooth parametric
surface

where ñ EE

Ekwe assume that
a 4 t.EE

S is covered once

when luput ranges
throughout D



Sure of the graph of a Eation

S 2 flx.gl
41,0 fxlx.gli e P ix y sky flag

py o t fylx.gl

I
x 1 0 11

0 1 8
and Iñxrjl 1 1 157 1 11857

Area s If 1 1TdA

Bet Recall the arc length formula try
tlTdx b



Surface integrals

a parametsiface
Ñ

z

surface integral of a function dudu

1 flyg.zlds ffflptu.nl r xrgldnS



Lux integral
Flux integral is a surface integral of a vector field

1 F d's 1 Feds If tmall.ir xF tg
rectorfield unit normal in uvplane
Fixy 21 vefforsfield

ñ F defines an orientation
1 default orientation

at A induced by parametrization
i

Su
y z

2k If S is agraph of some function glx.gl then
ix g ax.y.glx.gl

rj c ga gy.es
5 di 1ft Pgx Qgy

R dA
Got

assuming upward orientation of S



Stoke's theorem

as S oriented surface choice of ñ

bounded by a closed curve C

C has an induced orientation

L walking along C with your head in the

direction of ñ you should see S on

your left

See It line integral of Hangental component
F dñ curl Is of along the boundary equals

the flux of curl through the surface

Notation C 05



Divergence theorem

Zn solid region

É E

with outwoodpositive
S boundary surface

Y orientation

Divergence

i
drear

throughs



0 Green's thm

Pdx Qdy 8 y
dA a titation

Epositively
XD

oriented

1 Fund thm for line integrals a

of.de fIBI F A a.tl
L

2 Stokes thm

I curl F ds F.dñ
OS

I boundary surve
L

3 Divergence them gt.lygion
If divFdv F ds y

1 boundary surface
S boundary surface
with ositive


